Abstract. We use the notion of A-compact sets, which are determined by a Banach operator ideal A, to show that most classic results of certain approximation properties and several Banach operator ideals can be systematically studied under this framework. We say that a Banach space enjoys the A-approximation property if the identity map is uniformly approximable on A-compact sets by finite rank operators. The Grothendieck's classic approximation property is the K-approximation property for K the ideal of compact operators and the p-approximation property is obtained as the N p -approximation property for N p the ideal of right p-nuclear operators. We introduce a way to measure the size of A-compact sets and use it to give a norm on K A , the ideal of A-compact operators. Most of our results concerning the operator Banach ideal K A are obtained for right-accessible ideals A. For instance, we prove that K A is a dual ideal, it is regular and we characterize its maximal hull. A strong concept of approximation property, which makes use of the norm defined on K A , is also addressed. Finally, we obtain a generalization of Schwartz theorem with a revisited ǫ-product.
Introduction
The Grothendieck's classic approximation property is one of the most important properties in the theory of Banach spaces. A Banach space has the approximation property if the identity map can be uniformly approximated by finite rank operators on compact sets. There are several reformulations of this property, all of them involving at least one of the concepts: compact operators or uniform convergence on compact sets. Ever since Grothendieck's famous Résumé [16] and reinforced by the fact that there are Banach spaces which lack the approximation property (the first example given by Enflo [14] ), important variants of this property have emerged and were intensively studied. The main developments on approximation properties can be found in [5, 18] and in the references therein.
The main purpose of this article is to undertake the study of a general method to understand a wide class of approximation properties and different ideals of compact operators which can be equally modeled once the system of compact sets has been chosen. To this end, we use a refined notion of compactness, given by a Banach operator ideal A, introduced by notion of p-approximation property, which was studied for many authors in the last years, see for instance [2, 6, 8, 17, 25] . We prove that a Banach space E enjoys the A-approximation property if and only if the set of finite rank operators from F to E is norm-dense in K A (F ; E), for all Banach spaces F . If we take into account the norm · K A instead of the supremum norm, we obtain the sA-approximation property, which is stronger than the A-approximation property. In this case, when A is N p , we recover the κ p -approximation property, defined in [10] and studied later in [15, 17, 19] . We study in tandem both types of approximation properties and show that in general they differ. Also, we address the A-approximation property in terms of a refined notion of the ǫ-product of Schwartz.
Throughout this paper E and F denote Banach spaces, E ′ and B E denote the topological dual and the closed unit ball of E, respectively. A general Banach operator ideal is denoted by (A, . A ). When the norm · A is understood we simply write A. We denote by L, F , F and K the operator ideals of linear bounded, finite rank , approximable and compact operators, respectively; all considered with the supremum norm. Often, for x ′ ∈ E ′ and y ∈ F , the 1-rank operator from E to F , x → x ′ (x)y is denoted by x ′ ⊗y.
Along the manuscript, we use several classic Banach operator ideals such as the ideal of p-nuclear, quasi p-nuclear and p-summing operators, 1 ≤ p < ∞, denoted by N p , QN p and Π p , respectively. The basics for these ideals may be found in [7] , [13] , [21] or [23] . Also, to illustrate our results, we appeal to the ideals of right p-nuclear operators N p , and p-compact operators K p . To give a brief description of these ideals, we need some definitions. Fix 1 ≤ p < ∞, a sequence (x n ) n in E is said to be p-summable if ∞ n=1 x n p < ∞ and it is said to be weakly p-summable if ∞ n=1 |x ′ (x n )| p < ∞, for all x ′ ∈ E ′ . As usual, ℓ p (E) and ℓ w p (E) denote the spaces of all p-summable and weakly p-summable sequences in E, respectively. Both are Banach spaces, the first one considered with the norm (x n ) n p = ( ∞ n=1 x n p ) 1/p and the second one with the norm (x n ) n w p = sup
For p = ∞, we have the spaces c 0 (E) and c w 0 (E) of all null and weakly null sequences of E, respectively. Both spaces are endowed with their natural norms.
A mapping T ∈ L(E; F ) belongs to the ideal of right p-nuclear operators N p (E; F ), if there exist sequences (x ′ n ) n ∈ ℓ w p ′ (E ′ ) and (y n ) n ∈ ℓ p (F ),
To describe p-compact operators, the notion of p-compact sets is required. Following [25] , we say that a subset K ⊂ E is relatively p-compact, 1 ≤ p ≤ ∞, if there exists a sequence
. With p = ∞, we have the relatively compact sets and the balanced convex hull of (x n ) n , co{x n }. A mapping T ∈ L(E; F ) belongs to the ideal of p-compact operators K p (E; F ), if it maps bounded sets into relatively p-compact sets and κ p (T ) = inf{ (y n ) p : T (B E ) ⊂ p-co{y n }} is the p-compact norm of T .
All the definitions and notation used regarding operator ideals can be found in the monograph by Defant and Floret [7] . For further reading on operator ideals we refer the reader to the books of Pietsch [21] , of Diestel, Jarchow and Tonge [13] and of Ryan [23] . For further information on approximation properties, we refer the reader to the survey by Casazza [5] and to the book of Lindenstrauss and Tzafriri [18] , see also [12] and [23] .
On compact sets and operator ideals
Fix a Banach operator ideal (A, . A ). Following [4] , a set K ⊂ E is relatively A-compact if there exist a Banach space X, an operator T ∈ A(X; E) and a compact set M ⊂ X such that K ⊂ T (M). A sequence (x n ) n ⊂ E is A-convergent to zero if there exist a Banach space X and T ∈ A(X; E) with the following property: given ε > 0 there exists n ε ∈ N such that x n ∈ εT (B X ), for all n ≥ n ε . There is a handy characterization of A-null sequences. A sequence (x n ) n ⊂ E is A-null if and only if there exist a Banach space X, an operator T ∈ A(X; E) and a null sequence (y n ) n ⊂ X such that x n = T (y n ), for all n.
The following characterization of A-compactness was extracted from [4, Section 1]. Theorem 1.2. Let E be a Banach space, K ⊂ E a subset and A a Banach operator ideal. The following are equivalent.
(ii) There exist a Banach space X and an operator T ∈ A(X; E) such that for every ε > 0 there are finitely many elements z 
and (e ′ n ) n the sequence of coordinate functionals on
The result follows by noting that T ∈ N p (ℓ p ′ ; E) and
Recently, Delgado and Piñeiro [9] define p-null sequences, p ≥ 1, as follows. A sequence (x n ) n in a Banach space E is p-null if, given ε > 0, there exist n 0 ∈ N and (z k ) k ∈ εB ℓp(E) such that x n ∈ p-co{z k } for all n ≥ n 0 . In [9, Theorem 2.5 ], p-compact sets are characterize as those which are contained in the convex hull of a p-null sequence. Then, the authors prove, under certain hypothesis on the Banach space E, that a sequence is p-null if and only if it is norm convergent to zero and relatively p-compact, [ When this manuscript was complete we learned that E. Oja has also obtained Corollary 1.4. She gives a description of the space of p-null sequences as a tensor product via the ChevetSaphar tensor norm. As an application, the result is obtained [20, Theorem 4.3] . Now, we introduce a way to measure the size of relatively A-compact sets. Let K ⊂ E be a relatively A-compact set we define
where the infimum is taken considering all Banach spaces X, all operators T ∈ A(X; E) and all compact sets M ⊂ B X for which the inclusion K ⊂ T (M) holds.
There are some properties which derive directly from the definition of m A . For instance m A (K; E) = m A (co{K}; E). Also, since T ≤ T A for any Banach operator ideal A and T ∈ A(X; E) then, sup x∈K x ≤ m A (K; E). Moreover, if B is a Banach operator ideal such that A ⊂ B, a set K ⊂ E is B-compact whenever it is A-compact and m B (K; E) ≤ m A (K; E).
Moreover, fixed ε > 0, we can choose
Note that m N p recovers the size of p-compact sets defined in [15, Definition 2.1]. Also, note that if F is a Banach space containing E, any set K ⊂ E is A-compact as a set of F whenever it is A-compact as a set of E, and m A (K; F ) ≤ m A (K; E). However, the definition of m A may depend on the space the sets are considered, as it is shown in [15, Corollary 3.5] . We will prove, with additional hypotheses on A, that the m A -size of an A-compact set remains the same, see Corollary 2.8, for any pair of Banach spaces E and F such that E ⊂ F , and Corollary 2.15 for the special case when F = E ′′ .
The next result shows that the definition of A-compact sets (and therefore the size m A ) can be reformulated considering only operators in A(ℓ 1 ; E). Proposition 1.6. Let E be a Banach space, K ⊂ E a subset and A a Banach operator ideal. The following are equivalent.
(ii) There exist a Banach space X, operators T ∈ A(X; E) and S ∈ F(ℓ 1 ; X) and a rela-
where the infimum is taken over all Banach spaces X, operators T and S and sets M as above.
Proof. First note that any set K as in (ii) is relatively A-compact. Indeed, suppose that there exists a Banach space X such that
) with
For the converse, since K ⊂ E is relatively A-compact, given ε > 0 there exist a Banach space X, a compact set L ⊂ B X and a operator T ∈ A(X; E) such that K ⊂ T (L) and
) n ∈ c 0 (X) and sup n∈N yn βn
has the approximation property, S is approximable and S ≤ sup n∈N z n ≤ 1 + 2ε. Moreover,
We also have
and the result follows by letting ε → 0.
Corollary 1.7. Let E be a Banach space, K ⊂ E a subset and A a Banach operator ideal. Then, K is relatively A-compact if and only if K is relatively A • F -compact and
Proof. Since A • F ⊂ A, every relatively A • F-compact set is relatively A-compact and
. The other implication is given by the item (ii) of the above proposition, which also gives that
and the proof is complete.
Corollary 1.8. Let E be a Banach space, A a Banach operator ideal and K ⊂ E a relatively
A-compact set. Then,
where the infimum is taken over all operators T ∈ A(ℓ 1 ; E) and all relatively compact sets
Proof. With standard notation, Proposition 1.6 gives
which proofs the result.
The ideal of A-compact operators
Associated to the concept of A-compact sets we have the notion of A-compact operators, which generalizes that of compact operators. An operator T ∈ L(E; F ) is said to be Acompact if T (B E ) is a relatively A-compact set in F , [4, Definition 2] . The space of Acompact operators, denoted by K A , becomes an Banach operator ideal if endowed with the norm defined, for any T ∈ K A (E; F ), by
With Example 1.3 and Remark 1.5 we obtain our first example. We propose to study some properties enjoyed by K A and by the operator ideals obtained by the procedures
The definitions of these procedures will be given opportunely. We start by recalling the dual ideal of A, In [4, Theorem 2.1], the operator ideal K A is described in terms of A sur via the identities:
and the process only may produce a new operator ideal the first time it is applied. Also, K A is surjective. From this second fact we observe that the ideal of nuclear operators N does not coincide with K A , for any Banach operator ideal A. With the next proposition we give a slight improvement of [4, Theorem 2.1] by considering approximable instead of compact operators.
Proposition 2.2. Let A be a Banach operator ideal. Then
Proof. The isometric result is obtained by using the definition of · 
Proof. By [15, Proposition 3.9], K p is totally-accessible. Then, an application of Corollary 2.3 gives
sur , and (a) is obtained.
To prove that 
Statement (c) is a direct application of (b) and Proposition 2.2. In fact, Π d p is a surjective ideal and therefore
In general, K A is not an injective ideal (consider, for instance, the ideal of p-compact operators [15, Proposition 3.4] ). However, an injective ideal A gives an injective ideal of A-compact operators. To show this, we need a preliminary lemma. Although, we believe that it should be a known result, we have not found it in the literature as stated here and we prefer to include a proof. 
All the identities are isometric identifications, thus the proof is complete.
Notice that there are non injective Banach operator ideals that may induce an injective ideal of compact operators, this is the case of F and K F = K. For operators ideals A such that K A is injective, we show that a set is A-compact regardless it is considered as set of a Banach space F or as set of a closed subspace E of F , with equal size. Proof. One implication is clear. For the other one, let ι : E ֒→ F a metric injection such that ι(K) ⊂ F is relatively A-compact. We may assume that K is convex, balanced and closed. Since, K is compact, by [23, Lemma 4.11] , there are a Banach space G and a operator 
follows from (a). To prove (a), note that Π 
Proof. We always have
For the other inclusion, let E and F be Banach spaces and take T ∈ K reg A (E; F ). In particular, T is a compact operator. Thus,
Then, T ′′ ∈ K A (E ′′ ; F ′′ ). Moreover,
and the isometric result holds.
For right-accessible ideals we have the following. 
As a consequence of the above, we prove that whenever A is right-accessible, K A is a dual operator ideal.
Proposition 2.14. Let A be a Banach operator ideal. Then, 
Moreover, if A is right-accessible, then
K A = K dd A , isometrically. Proof. Since K A ⊂ K reg A and · K reg A ≤ · K A ,(K; E) = m A (K; E ′′ ).
In particular, the result applies to any right-accessible Banach operator ideal A.
Proof. The result is obtained with a similar proof to that given in Corollary 2.8. 
On the ideal of
Proof. Since A d is right-accessible, we apply Corollary 2.3, the above lemma and [21, Theorem 8.5.9] to obtain the isometric identities
Proposition 2.18. Let A be a left-accessible Banach operator ideal. Then
Proof. One inclusion is obtained by Proposition 2.17 and the fact that injective ideals are always regular, then
For the reverse inclusion, notice that 
By Lemma 2.16 and Corollary 2.3,
All the inclusions considered are given by contractive maps, which completes the proof.
We illustrate the above propositions with the following examples. In particular, the third statement recovers a result of [26, Corollary 3.2] . The other two identifications appear in [11] and [15] .
Proof. By Example 2.5 (a), write
Note that N p is minimal, hence it is leftaccessible. Now we use thta N p = QN inj p with Proposition 2.17 to obtain (a) and with Proposition 2.18 to obtain (b). For the proof of (c), by Example 2.5 (b), write K p = K Π d p . Now, use that Π p is left-accessible and Proposition 2.18 .
Approximation properties given by operator ideals
In this section we study two different types of approximation properties defined through A-compact sets. To this end we consider two different topologies on L(E; F ). Definition 3.1. Let A be an operator ideal. On L(E; F ), we consider the topology of uniform convergence on A-compact sets, τ A , which is given by the seminorms
where K ranges over all A-compact sets. When F = C, we simply write E ′ A = (L(E; C); τ A ).
Note that if A = K we obtain E ′ c , the dual space of E endowed with the topology of uniform convergence on compact sets.
The other topology we consider is induced by the size of the A-compact sets m A , defined in Section 1.
Definition 3.2. Let A be an operator ideal. On L(E; F ), we define the topology of strong uniform convergence on A-compact sets, τ sA , which is given by the seminorms
where K ranges over all A-compact sets.
The following statements have straightforward proofs. 
Based on the Grothendieck's classic approximation property we have the following definitions.
Definition 3.4. Let E be a Banach space and A a Banach operator ideal.
We say that E has the A-approximation property if
Also, E has the (strong) sA-approximation property if
It is clear that the K, the sK and the classic approximation properties coincide for any Banach space. Also, the classic approximation property implies the A-approximation property, for any A. However, it may not imply the sA-approximation property, see Example 3.5 (a) below or the comments below Proposition 3.10 in [15] . From Remark 3.3 (c), we see that the sA-approximation property is stronger than the A-approximation property, although the converse might be false as Example 3.5 (a) below shows. Furthermore, if A and B are two Banach operator ideals and A ⊂ B, from Remark 3.3 (d), the B-approximation property implies the A-approximation property. Nonetheless, a Banach space may have the sB-approximation property and fail to have the sA-approximation property, see Example 3.5 (b).
Notice that N p -approximation property is the p-approximation property introduced by
Sinha and Karn in [25] and then studied in [2, 6, 8, 17] . On the other hand, the sN papproximation property coincides with the κ p -approximation property defined by Delgado, Piñeiro and Serrano (see [10, Remark 2.2] ) and studied later in [15, 17, 19] . In many cases, the sN p and the N p -approximation properties coincide. This happens, for instance, on any closed subspace of L p (µ). Moreover, in any closed subspace of L p (µ), the sN p -approximation property coincides with the K-approximation property [19, Theorem 1] . However, these properties may differ as it is summarized below. Proof. Fix 1 < q < 2 and let X be a subspace of ℓ q , without the approximation property. Note that X is reflexive and has cotype 2. Now, combining the comment below [7, Proposition 21.7] and [10, Corollary 2.5] we see that X ′ the κ p -approximation property for any 1 < p < 2. Then, E = X ′ is an example satisfying (a). 3.1. On finite rank and compact operators and approximation properties. Now, we inspect the A and the sA-approximation properties in relation with the ideal of finite rank and compact operators. The first proposition refines a classical result on approximation properties and finite rank operators. Its proof is standard and we omit it.
Proposition 3.6. Let E be a Banach space. The following are equivalent.
(i) E has the A-approximation property (sA-approximation property) .
A Banach space E has the approximation property if and only if the space of finite rank operators from any Banach space F into E is norm dense in the ideal of compact operators. The analogous result remains valid for the A-approximation property and the sA-approximation property. Here, the ideal of A-compact operators replaces K. 
Proof. To prove that (i) implies (ii) take T ∈ K A (F ; E) and ε > 0. Since T (B F ) is relatively A-compact and E has the A-approximation property, by Proposition 3.6 there exists S ∈ F (E; E) such that sup x∈T (B F ) Sx − x ≤ ε. Then, ST − T ≤ ε and (ii) holds.
The inclusion F • K A ⊂ F proves that (ii) implies (iii). To show that (iii) implies (i) take K ⊂ E an A-compact set and ε > 0. There exist a Banach space G, an absolutely convex compact set L ⊂ G and an operator T ∈ A(G; E) such that K ⊂ T (L). Now, we may find an absolutely convex compact set L ⊂ G, a Banach space F and an injective operator i ∈ L(F ; G) such that L ⊂ L and i(B F ) = L, see for instance [23, Lemma 4.11] . In particular i is a compact operator and i −1 (L) ⊂ B F is compact.
Consider the following diagram
where q is the quotient map and
. By hypothesis, there exists a finite rank operator S :
′ . To find R : E → E a finite rank operator approximating the identity on K, note that
for all j = 1, . . . , n, and define
On one hand we have
On the other hand,
The analogous result concerning the sA-approximation property requires the norm . K A . Its proof is similar to that given above and we omit it. (i) E has the sA-approximation property.
The notion of the minimal kernel of an operator ideal allows us to give another characterization of the sA-approximation property. The above corollary recovers the characterization of the κ p -approximation property in terms of the ideals K p and K min p , see the comments below [15, Proposition 3.9] . In general, the approximation property does not imply the sA-approximation property. However, for right-accessible ideals the claim is true as it happens with the κ p -approximation property [15, Proposition 3.10] . Proof. If E has the approximation property, by [7, Proposition 25.11 
for every Banach operator ideal A and for every Banach space F . Since A is right-accessible, applying Proposition 2.4 we see that K A (F ; E) = K min A (F ; E) for every Banach space F . Therefore, by the above corollary, E has the sA-approximation property.
3.2. On the dual space E ′ A and the ǫ-product of Schwartz. The classic approximation property has a well known reformulation in terms of the ǫ-product of Schwartz. More precisely, E has the approximation property if and only if E ⊗ F is dense in L ǫ (E (i) E has the A-approximation property.
Proof. Suppose (i) holds. Fix a locally convex space F , a continuous seminorm β so that
, where α ∈ cs(F ) and ε > 0. Take T ∈ L ǫ (E ′ A ; F ), then we may find an absolutely convex A-compact set K ⊂ E such that sup
the A-approximation property, there exists a finite rank operator S such that Sx − x < ε for all x ∈ K. In particular, Sx − x < ε for all x ∈ T ′ (U • ). Then, for all x ′ ∈ B E ′ and
That (ii) implies (iii) is clear. To finish the proof suppose that (iii) holds. Take an absolutely convex A-compact set K ⊂ E and let β be the continuous seminorm given by
given ε > 0, there exist S ∈ E ⊗E ′ such that β(S −Id) < ε. Then, as above, |x Proof. The locally convex space E ′ A has the approximation property if and only if for any ε > 0, K ⊂ E an A-compact set and M ⊂ E ′ A relatively compact, there exists S ∈ F (E; E) such that
The continuity of the identity map E (1), M is replaced by B E ′ , which is equivalent to say that E has the A-approximation property.
Last but not least, we give a characterization of an A-compact operator in terms of the continuity and compactness of its adjoint. This result is well known for compact operators and was studied in the polynomial and holomorphic setting in [3] . Recall that if E and F are locally convex spaces and U ⊂ F is absolutely convex and closed, for a linear mapping T : E → F we have T (x) ∈ U if and only if |y ′ (T x)| ≤ 1 for all y ′ ∈ U • , with x ∈ E. • and x ∈ B E . Therefore, T (B E ) ⊂ cK which ends the proof.
3.3. On the dual E ′ and approximation properties given by A. We present a short discussion on approximation properties for dual spaces and the dual ideal of K A . Recall that, even though E has the approximation property, the space of finite rank operators F (E; F ) may not be dense in the space of compact operators K(E; F ). For this to happen it is required E ′ with the approximation property. The A and the sA-approximation properties are determined on dual spaces by denseness of finite rank operators in the dual ideal of K A , which is not a surprise at the light of the examples mentioned above, [8, Theorem 2.8] and [10, Theorem 2.3] . We only give a proof for the result concerning the sA-approximation property, so we state this result first. 
(i) E
′ has the sA-approximation property.
